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■ Abstract. The ^-deformed Fock spaces of higher levels were introduced by Jimbo-Misra-Miwa-Okado. 

\ The ^-decomposition matrix is a transition matrix from the standard basis to the canonical basis defined 

QJ ■ by Uglov in the ^-deformed Fock space. In this paper, we show that parts of <7-decomposition matrices 
of level ( coincides with that of level £ - 1 under certain conditions of multi charge. 
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1. Introduction 

The (/-deformed Fock spaces of higher levels were introduced by Jimbo-Misra-Miwa-Okado [IJMM091II . 
For a multi charge s = (si, . . . , S{) e Zf, the ^-deformed Fock space F^[s] of level £ is the Q(^)-vector 



H 
^. 

^ • space whose basis are indexed by ^-tuples of Young diagrams, i.e. {\A; s)\Ae H^}, where H is the set 
' of Young diagrams. Heisenberg group (resp. quantum group t/(y(5l„)) acts on Fq[s] as level ^"^ (resp. 
level q^). Both actions commute on Fg[s]. 

The canonical bases {G'^(A; s)\A e U^} and {G~{A; s)\A e H^} are bases of the Fock space Fy[s] 
^ ■ that are invariant under a certain involution ~ |UglOO|. Define matrices A^(^) = (A^^{q))^^ and 

O ■ A"(^) = (A. by 
00 ■ 
O 



G^A; s) = J] Al/q) \n;s) , G'{A; s) = A,^(q) \n;s). 



We call A^^(^) and A^^(^) q-decomposition numbers. These ^-decomposition matrices play an im- 
portant role in representation theory. However it is difficult to compute ^-decomposition matrices. 
In the case of ^ = 1, Varagnolo-Vasserot [IVV991 proved that A"^(l) coincides with the decompo- 
^ ! sition matrix of v-Schur algebra. Ariki defined a (^-analogue of decomposition numbers of v-Schur 
\ algebra by using Khovanov-Lauda's grading, and proved that it coincides with the ^-decomposition 
numbers nAril . For £ > 2, Yvonne l|Yvo06ll conjectured that the matrix A*{q) coincides with the q- 
analogue of the decomposition matrices of cyclotomic Schur algebras at a primitive n-th root of unity 
under a suitable condition on multi charge. 

Let Os(i, \ ,m) be the category O of rational Cherednik algebra of {'Zjl'L) I S,„ associated with 
multicharge s. Rouquier [Rou08, Theorem 6.8, §6.5] conjectured that, for arbitrary multi charge, 
the multiplicities of simple modules in standard modules in Osif, l,m) are equal to the correspond- 
ing coefficients A^^(^), where m = \A\ = \n\. It is expected that ®m>QOs{t, l,m) should categorify 
(see fiShaJ for the details.) More generally, it is expected that, together with a suitable grad- 
ing, ©,„>o(9s(^, 1, m) should categorify Fq[s]. For the detail of correspondence between the charges of 
Os{i, I, in) and the charges of Fock spaces, see nRouOSi 

Now, we state our main theorems. We say that the j-th component sj of the multi charge is suffi- 
ciently large for \A; s) if Sj - Sj > Af for any i = 1, 2, ■ • ■ and that sj is sufficiently small for \A; s) if 
Si-Sj > \A\ = \A^^^\ + — for any / = 1,2,--- . ^ (see Definition [3TT]) . More generally, for a positive 
integer N we say that sj is sufficiently small for A'^ if Si - sj > N for all / j. If sj is sufficiently large 
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for \A; s) and \A; s) > \fx; s), then the j-th components of A and fx are both the empty Young diagram 
(Lemma [X2l) . On the other hand, if sj is sufficiently small for \A; s) and \A; s) > s), then /j.^-'^ = 
implies A^^^ = 0. (LemmaQ. 
Our main results are as follows: 

Theorem A. (Theorem |Ml) 

Let e e {+,-}. If 5y is sufficiently large for \A;s), then 

where A (resp. fi,s) is obtained by omitting the j-th component of A (resp. fi,s), A^^.j(^) is the 
^-decomposition number of level ■£ and Af^^{q) is the ^-decomposition number of level £ - I. 

Theorem B. (Theorem 13.51) 

Let s 6 -}. If Sj is sufficiently small for |//; s) and fi^^^ = 0, then 

where A (resp. fi, s) is obtained by omitting the j-th component of A (resp. //, s). 

Shoji and Wada proved some product formulae of ^-decomposition numbers P SW09I Theorem 2.9] . 
There are some overlaps between our results and their product formula. [SW091 has some assump- 
tions "dominance" on the multi charge while our results don't. On the concluding facts, [ISW091I has 
a flexibility of embedding of ^-decomposition matrices while our results don't. 

Our results are related to category O in the following sense. In the category O, Chuang and Miyachi 
conjectured the following: 

Conjectures. [Qyll §5] 

(A') Let A' e n^. If si is sufficiently large for any |(0, A'); s), there exists an embedding 

0-,i£,l,m) ^Os{t+ 1,1, m). 
(B') If sc is sufficiently small for m, there exists a quotient functor 

OAi+l,\,m)^0,{€,\,m), 
where s is obtained by omitting the j-th component of s. 

We see that Conjecture (A') (resp. (B')) is consistent with Theorem A (resp. Theorem B) by taking 
into account the conjecture that ffi„,>o<5s(/', 1, m) should categorify Fq{s]. Theorem A (resp. Theorem 
B) gives a strong support to the conjecture (A') (resp. (B')). 

This paper is organized as follows. In Section 2, we review the ^-deformed Fock spaces of higher 
levels and its canonical bases. In Section 3, we state the main results. In Section 4, we review 
the straightening rules in the (^r-deformed Fock spaces. Theorem A(Theorem 13.41 ) and Theorem 
B (Theorem 13. 5 1) are proved in Section 5 and 6 respectively. 

Acknowledgments. I am deeply grateful to Hyohe Miyachi and Soichi Okada for their advice. 

Notations. For a positive integer A^^, a partition of A^^ is a non-increasing sequence of non-negative 
integers summing to A'^. We write \A\ = N ii Ah di partition of A^. The length 1{X) of A is the number 
of non-zero components of A. And we use the same notation A to represent the Young diagram 
corresponding to A. For an ^-tuple A = {A^^\ A^^\ • • • , A^^^) of Young diagrams, we put \A\ = -l- 

|^(2)| + ... + |^(0|. 
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2. The ^-deformed Fock spaces of higher levels 

2.1. wedge products and straightening rules. Let n,£, 5 be integers such that n >1 and € > \. 

We define P{s) and P^^{s) as follows; 

(1) P{s) = {k = {ki,k2, ■ • •) ^ "^"^ \ kr = s - r + \ for any sufficiently large r } 

(2) P^\s) = {k = (ki,k2, • • •) e P(s) \h>k2>---}. 

Let A* be the Q(q) vector space spanned by the ^- wedge products 

(3) Uk = Uk, Auk, A ■ ■ ■ , (k e P(s)) 

subject to certain commutation relations, so-called straightening rules. Note that the straightening 
rules depend on n and £. ]UglOO| , Proposition 3.16] (The precise description will be given in §4.) 

Example 2.1. (i) For every ki e Z, uti A uti = -uti A u^^. Therefore Uk, A u^^ = 0. 
(zz) Let n = 2, i = 2, k\ = -2, and k2 = 4. Then 

U-2 A U4 = q U4 A M_2 + (q^ - l)u2 A Uq. 

(Hi) Let n = 2, t = 2,k\ = -I, k2 = -2 and k^ = 4. Then 

U-i A U-2 AU4 = U-i A (U-2 A U4) = M_i A M4 A U-2 + ('?^ - 1) M2 A Mo) 

= q U-i A M4 A U-2 + {q^ — 1) U-\ AU2 Auq 



By applying the straightening rules, every t^-wedge product Uk is expressed as a linear combination 
of so-called ordered q-wedge products, namely ^-wedge products Uk with k e P'^'^(s). The ordered 
^-wedge products {uk \ k e P^^(s)} form a basis of called the standard basis. 

2.2. Abacus. It is convenient to use the abacus notation for studying various properties in straight- 
ening rules. 

Fix an integer N > 2, and form an infinite abacus with A'^ runners labeled 1,2, - • - N from left to 
right. The positions on the z-th runner are labeled by the integers having residue z modulo N. 

-N+l -N + 2 ■■■ -1 
1 2 ■■■ N-l N 

N+l N + 2 ■■■ 2N-\ 2N 

Each k e P'^'^{s) (or the corresponding ^-wedge product Uk) can be represented by a bead- 
configuration on the abacus with n£ runners and beads put on the positions ki,k2,---. We call this 
configuration the abacus presentation of m^. 

Example 2.2. Ifn = 2, £ = 3, s = 0, and k = (6, 3, 2, 1, -2, -4, -5, -7, -8, -9, • • • ). then the abacus 
presentation ofuu is 
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c = 1 c = 2 



J = 3 



@ 
-1 

5 



-6 
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• • • m = 3 

• • • m = 2 

• • • m = 1 

• • • m = 



c = 1 c = 2 



We use another labeling of runners and positions. Given an integer k, let c, d and m be the unique 
integers satisfying 

(4) k = c + n(d - 1) - nfm , \<c<n and l<d<€. 

Then, in the abacus presentation, the position k is on the c + n{d - l)-th runner (see the previous 
example). Relabeling the position khy c - nm, we have £ abaci with n runners. 

Example 2.3. In the previous example, relabeling the position k by c - nm, we have 



i = 1 
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■ • • m = 3 
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We assign to each of abacus presentations with n runners a ^- wedge product of level 1 . In fact, 
straightening rules in each "sector" are the same as those of level 1 by identifying the abacus in the 



sector with that of level 1 . (see also [ |UglOO[ and §4. 1 for the detail) 
We introduce some notation. 

Definition 2.4. For an integer k, let c, d and m be the unique integers satisfying (E]), and write 
(5) 



Uk - U^_„^. 



Also we write u^fi-nmi > "Q-nm2 '/^i > ^2, where ki = Ci + n{di - 1) - ntm^ (i = 1,2). 
We regard Wc-nm Uc-nm in the case of£=l. 
Example 2.5. If n = 2, i = 3, then we have 



that is. 



M_io Aui = -q ' Ml A M_io + (q ^ - \) M-4 A U-5, 
A = -q-' A u^^^ + (q-^ - 1) u^^^ A u^^,. 



On the other hand, in the case ofn = 2,-6 = 1, 

M_2 A Ml = -q~^ U\ A U-2 + {q~^ - 1) Mq A U-\. 

2.3. ^-tuples of Young diagrams. Another indexation of the ordered (^-wedge products is given 
by the set of pairs {A,s) of ^-tuples of Young diagrams A = {A^^\ ■ ■ ■ ,A^^^) and integer sequences 
s = (si, - ■ ■ ,Se) summing up to s. Let k = (ki,k2, ■ ■ ■) & P'^'^(s), and write 

kr = Cr + n(dr - 1 ) - ninir , I < Cr < n , \ < dr <€ , e Z . 

For J 6 { 1, 2, • • • , let kf\ k^:^\ • • • be integers such that 

= {Cr - nnir \dr = d} = [kf, kf, ■■■} and kf > kf > ■ ■ ■ 
Then we associate to the sequence {k^^\ ^2"^^ • ■ • ) an integer Sd and a partition A^'^'' by 

kf^ = Sd-r +\ for sufficiently large r and Af^ = k^f^ - + r - I for r > 1. 
In this correspondence, we also write 

(6) uu = \A-s) {keP^\s)). 

Example 2.6. Ifn = 2,i = 3,s = 0, and k = (6, 3, 2, 1, -2, -4, -5, -7, -8, -9, ■ ■ ■ ), then 

yti =6 = 2 + 2(3-l)-6-0 , = 3 = 1 +2(2- l)-6-0 , 
= 2 = 2 + 2(1 - 1) - 6 • , ■ • ■ and so on. 

Hence, 

yS(^> = {2,l,0,-l,-2,---} , ;e(2) = {l,0,-2,-3,-4,---} , ^(3) ^ {2, -3, -4, -5, ■ • ■ } . 

Thus, s = (2,0,-2) and A = {(d, (I, I), (4)). 

Note that we can read offs = (2, 0, -2) and /I = (0, (1, 1), (4)) from the abacus presentation, (see 



Example 12.31) 

2.4. The ^-deformed Fock spaces of higher levels. 

Definition 2.7. For s e 7l, we define the q-deformed Fock space Fq{s] of level t to he the subspace 
of spanned by \A; s) {A e U'^) : 

(7) F,[s] = 0Q(^)|i;s). 

Aen' 

We call s a multi charge. 

2.5. The bar involution. 

Definition 2.8. The involution o/A* is the Q-vector space automorphism such thatq = q'^ and 

(8) = Mfc, A • • • A Uk^ A M^^^, A • • • = (-qy'^'''' -'''^^q-''^"' -''^\uk^ A ■ ■ ■ A M^,) A M^^^, A • • • , 

where Ct, dt are defined by ki as in (I?]), r is an integer satisfying k,- = s - r + I. And K{a\, • • • , a^) is 
defined by 

K{ai, ■■■ ,ar) = #{(z, j) \i< j, a, = aj}. 
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Remarks (i) The involution is well defined, i.e. it doesn't depend on r [UglOO|. 

(ii) The involution comes from the bar involution of affine Hecke algebra Hy. (see §4 for more 
detail.) 

(iii) The involution preserves the ^-deformed Fock space Fq{s] of higher level. 

2.6. The dominance order. We define a partial ordering \A; s) > s). For \A; s) and |^; s), we 
define multi-sets X and // as 

1 = (4^) + Sd\l<d<e,l<a< msix(l(A^''\ IQu^''^)) } , 
Ji = {juf + Sd\l<d<£,l<a< msix(l(A^\ Kju^'^^)) } . 

We denote by (Ai,A2, • • • ) (resp. (Ai,A2, • • • )) the sequence obtained by rearranging the elements in 
the multi-set A (resp. Jt) in decreasing order. 

Definition 2.9. Let \A; s) = M/tj A M/t^ A ■ ■ ■ and s) = A Ug^ A • ■ • . We define \A; s) > \n; s) if 
\A\ = and 



(9) 



f(a) Ai^fi , YIj=\~^j'^Y!j=if^j (for all r=l,2,3, ■■■) , or 
1(b) A = 'ii , Y:j=xkj>Y:j=igj (for all r=l,2,3,---) • 



Remark. The order in Definition 12.91 is diff"erent from the order in [ pjglOO] (see Example 12.101 
below). However, the unitriangularity in (fTTT ) holds for both of them. 

Example 2.10. Let n = £ = 2, s = (1,-1), A = ((1,1), 0), and fj = (0,(2)). Then, \A;s) = U2 A ui A 
M_i A M_3 A • • • and \fi; s) = Aui A U-j A m_3 A • • • . In Uglov's order, \n; s) is greater than \A; s). 
However, \A; s) > s) under our order since {li, -^3} = {2, 2, -1} and {p.i,iu2,fi3} = {1,1,1}. 

We define a matrix (ai^iq))^,^, by 
(10) \A; s) = ^ ai^iq) s). 

Then the matrix {ax,^{q))x,n is unitriangular with respect to >, that is 
(11) 



(a) if aifiiq) ^ , then \A\ s) > \n; s), 

(b) axjiq) = 1. 



(see the identity (1271) for the detail.) 

Thus, by the standard argument, the unitriangularity implies the following theorem. 



Theorem 2.11. [ |UglOO| There exist unique bases {G^iA; s)\A e U^} and {G (A; s)\A e U^} ofF,j[s] 
such that 



(i) G+(/l; s) = G^{A; s) , G-{A; s) = G"(i; s) 

(ii) G^{A;s) = \A;s) mod q£^ , G~{A;s) = \A;s) mod q~^ 
where r = ^ Q[q] \A; s) , £" = Q[^-^] |i; s). 



Definition 2.12. Define matrices A*(q) = (A'^^iq))^^^ and A (q) = {lS.-^^{q))x,fi by 
(12) G\A-s) = yA\(q)\n-s) , G-(i; s) = V A, (^) s). 



The entries A^^(c7) are called q-decomposition numbers. Note that ^-decomposition numbers A*((5r) 
depend on n, I and s. The matrices A^(^) and (sr{q) are also unitriangular with respect to >. 

It is known [ UglOO[ Theorem 3.26] that the entries of A"(^) are Kazhdan-Lusztig polynomials of 



parabolic submodules of affine Hecke algebras of type A, and that they are polynomials in q with 
non-negative integer coefficients (see [iKT02il ). 

3. A COMPARISON OF (^-DECOMPOSITION NUMBERS 

3.1. Sufficiently large and sufficiently small. 

Definition 3.1. Let s = {s\, S2, - ■ ■ , sc) e be a multi charge and I < j < £. 

(i) . We say that the 7-th component sj of the multi charge s is sufficiently large for \A; s) e Fq[s] if 

(13) Sj - Si > for all / = 1 , 2, • • • , ^. 
More generally, we say that Sj is sufficiently large for a ^-wedge Uk if 

(14) Sj > c,- - nmy for all r = 1, 2, • • • , 

where = + n{dr - 1) - n^m,., (r = 1, 2, ■ • ■ ), 1 ^ c < n and \ <d <t (see §2). 

(ii) . We say that Sj is sufficiently small for \X\ s) if 

(15) Si - Sj > \A\ = \/^'>\ + ■■■ + \A^^^\ for all / ^ j. 

Note that the definition of sufficiently small depends only on the size of A and the multi charge s. 
When we fix the multi charge s, we say that Sj is sufficiently small for if 

(16) Si - Sj>N for all i 4^ j. 
Remark. If \A; s) is 0-dominant in the sense of [ UglOO[ , that is 



Si - Si^y > \A\ = |/^)| + ■ • ■ + l^^^l for all / = 1, 2, • ■ • , ^ - 1 , 
then si is sufficiently large for \A; s) and s^ is sufficiently small for \A; s). 

Lemma 3.2. If Sj is sufficiently large for \A; s) and \A; s) > s), then 

(i) A^j^ = 0, 

(ii) Sj is also sufficiently large for \fi; s). In particular, yu^^^ = 0. 

Proof. It is clear that A^-^^ = by the definition. 
Note that 

Sj is sufficiently large for \A; s) « Sj - 5,- > Af for all z = 1, 2, • ■ • ,£ 

« Sj > max{A\^^ + ^1, ■ • ■ , A[^^ + S[} = Ai. 
If \A; s) > \fi; s), then Ai > p\ and so Sj > p.i. It means that Sj is sufficiently large for s). □ 
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Lemma 3.3. Suppose that sj is sufficiently small for \A; s). If\A; s) > \n; s) andpi^-'^ = 0, then A^j'* = 0. 



Proof. Suppose that l(A''-'^) > 1 . Then sj is the minimal integer in the set {p,f^ + Sd\i < d < £ , \ < 
a < max(l(A^''^), IQu^''^)) }} because p^-'^ = and sj is the minimal integer in s. On the other hand, 
the minimal integer in the set {A'^^ + Sd\l < d < £ , \ < a < max(/(/l^''^), lijl'^)) }} is greater than Sj 
because sj is sufficiently small for \A; s). Therefore \A; s) }t s). This is a contradiction. 

□ 

3.2. Main results. Now, we are ready to state our main theorems. We will prove the theorems in §5 
and §6 respectively. 

Theorem 3.4. Let s e {+, -}. If Sj is sufficiently large for \A; s), then 

where A (resp. fx, s) is obtained by omitting the j-th component of A (resp. fi, s). 
Theorem 3.5. Let s e {+, -}. If Sj is sufficiently small for |)u; s) and p'-^^ = 0, then 

(18) = A? .,(^), 

where A (resp. fi, s) is obtained by omitting the j-th component of A (resp. /i, s). 

Example 3.6. (i) Ifn = £ = 2, s = (3, -3) and A = (0, (6)), fi = (0, (5, 1)), then si is sufficiently large 
for \A; s). Hence 

^li^M = ^XkM~^ = Ar6),(5,i);(-3)(^) = 

(ii) Ifn = £ = 2, s = (3, -3) and A = ((6), 0), fi = ((5, 1), 0), then S2 is sufficiently small for \fi; s). 
Hence 

^ll^M = ^Xf,;M) = ^"6),(5,l);(~3)(^) = 
4. Q-WEDGES AND STRAIGHTENING RULES 

In this section, we review the straightening rules [ UglOO) to prove our main results. 



4.1. afflne Hecke algebra and straightening rules. In this paragraph, we review the affine Hecke 
algebra of type Ai and straightening rules. We treat only the case of type Ai . Indeed for our proof we 
only need the straightening rule of ^-wedge whose length is equal to two. In fact, the straightening 
rules for a ^-wedge which length is greater than 2 is obtained from the straightening rules for two 
adjacent element, (see Example 15. 41) More general case, see [|UglOO| . 



The Hecke algebra H of type Ai is the algebra over Qiq) with generator Ti and relation 

(19) {T,-q-'){T,+q) = Q. 

The affine Hecke algebra H is the tensor space H and the polynomial ring Q(^)[X*, X|] with rela- 
tions 
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(20) 
(21) 



1 - XiX-^ 



riX'* = x-''('')ri+(^-^-i) 



where A eZ^ and 5i is the transposition. 

Let Pi be the Q(^)-vector space whose basis is { (ci, C2I | ci, C2 6 Z, 1 < ci < n, 1 < C2 < n}. Define 
the right action of H on Pi as 



(22) 



(Cl,C2| ■ Ti 



' (C2,Ci| if Ci < C2 , 

<?"^ (Ci,Ci| if Ci = C2 , 

(C2,Ci| -(<5r-^"l)(Ci,C2| ifCi>C2. 



Let P2 be the Q(^)-vector space whose basis is { 1^1,^2) \ dy^d^ ^ 'L^X < d\ < t,\ < d2 < £}. 
Define the left action of H on P2 as 



(23) Ti-\dud2) 
Define a vector space A by 



' \d2,d\) if di < d2 , 

-q 1^1, ^^i) if di = d2 , 

\d2, d\) - {q - q'^) \di,d2) if Ji > J2 • 



Definition 4.1. [ |UglOO[ For (ci, C2I e Pi, \di,d2) e P2, cmd mi,m2 e Z, pMf fcy = cj + n{dj - 1) - ninij, 
U =1,2). Denote (ci, C2I ® Xf'Xf ® 1^1,^2) 6 A 



(24) 



Proposition 4.2. [ |UglOO[ For integers ki,k2, let cj, dj, mj be the unique integers satisfying kj = cj + 
n(dj - 1) - ninij, I < cj < n and 1 < dj < {, (j = 1, 2). Then, 



(25) 

Uk2 A = i-q'^f''^=''^l^q"' Uki A + Sgn(m) (q - q~^) ^ Uk^-ci+C2-sgn(m)ntj A Mi^+ci-cj+sgnCm^oj' 



|mi-"i2|-y 



where 



1 mi < m2 

sgn(m) = -j -1 if ifii > m2 , a = 
[0 z/ mi = m2 



'^'"'^^ |0 ifdii^d2 ' ll if otherwise 



1 z/ Ci = C2 anJ ^1 > ^2 
-1 if Ci = C2 andki < ^2 ^ 
z/ Ci ^ C2 

if Ci > C2, nil < W2 or Ci < C2, nii > m2 
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and 

{1 if d\ < d2,mi < m2 or d\ > d2,mi > 
if di > d2,m\ < m2 or d\ < d2,m\ > m2 

Proof. We only show the statement in the case Ci = C2, < m2, and d^ < d2. The other case can be 
treated similarly. 

In this case, ki > k2, Sdi=d2 = 0, sgn(m) = I, a = I, P = 1, and y = I. Note that X1X2 and Ti 
commute each other thanks to the relation ([20] ). that is X1X2T1 = T1X1X2. From the relation (|20] ). for 
any positive integer A'^ we have 

(26) Xf = T-.'X'I + {q- q-')(XiX^-' + X^X^-^ + ■■■+ X^-'X2). 

Hence 



=(ci, cil ® X^^Xf (2) IJ2, ^^i) (by Definition 1411 

=(ci,ci| ® (XiX2r'X7^-""ri ® \di,d2) (by m) 

=(ci, cil O (X1X2)"" {r-^Xf +{q- ^-^)(XiXf + X^Xf -""-2 + • ■ • + Xf^-'"'-'X2)} (2 1^1,^2) 
(by (HB) 

=q (ci, cil ® X^'Xf ® Ui, J2) + {q- q~') (ci, ® (x^'+^Xf + Xf +'Xf + • • • + X^^'^Xf ® |Ji 
(by (|22l)) 

=<? A Uk2 + (q - q ^) ^M<:[_„^ A Mi:2+„^ + Myt|-2)if A Uk2+2n£ + • • • + M^:|-„^(m2-mi-l) A Myt2+n^('«2-"Jl-l) j 

(by Definition Bui) 

1112 — mi — 1 

=q A Uk2 + (q - q ^) ^ Uki-ntj A Uk2+n{j- 



□ 



The identity (l25l) is rewritten in terms of the notation of Definition [2]4] as follows. 
Corollary 4.3. Under the same notations in Proposition \4.2\ we have 



'^C2-nm2 ^ci-nmi V y / H ^ci-nmi ^C2-cm2 



\m1-m2\-y 



(27) +sgnim){-q-y^^-^2(q-q-^) ^ u 



C2-nmi — sgn(m)n j ci —nm2 +sgn(m)n j ' 



Remarks, (i) Note that the identity (ITTl) depends only on the inequality relationship between d\ 
and J2 (ci and C2). It is independent of €. 

Let £ and j be integers such that 1 < j < £ + I. Let 



M = M A M ^ A 
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be a ^-wedge product of level I. Define d[,d'2, - ■ ■ as 



\dr 



if dr < j 



\dr +1 ii dr> j 



(r= 1,2,---). 



Then, 



(d[) ^ (4) ^ 



is the ^-wedge product of level £ + 1. In this way, we regard a ^- wedge product u of level £ as the 
^- wedge product of level £ + I. 

(ii). Let k[ = ki - ci + - sgn(m)n£j and k'2 = kj + ci - C2 + sgn(m)n£j. That is to say, Uk'^ A Uf^ 
appears in the summation of (|25T ). Then, k[ and satisfy following properties. 

(a) . k[ and k'2 are in between ki and ^2, i-C- ^1 < k'l < kj, {i = 1, 2) or fci > k'. > kj, {i = 1,2). 

(b) . k[ and k'2 swap the c-part with ki and ^2- That is, there exist m\,m'2 e Z such that = 
C2 + - 1) - n£m\ and ^2 = Ci + ^(^2 - 1) - n£m'2. 

(c) . A:j + = fci + A:2. 

In abacus presentation, the positions of k[ , k'2 and ky , ^2 look like 



d = d\ 



® 



d = d2 



© 



© 



C = Cl C = C2 



4.2. Several properties of ^-wedge products. In this paragraph, we summarize other properties of 
^-wedge products which will be needed in the proof of our main theorems. 



Lemma 4.4 ([ [UglOOp ). Ifk > t, then 

(i) . Ut AUk /\ Uk-i A • • ■ A Ut = 0, 

(ii) . Uk A Uk-\ A ■ ■ ■ A Ut A Uk = 0. 

More generally, we have 
Corollary 4.5. Ifk>m>t, then 

(J). Um AUk A Uk-\ A ■ • ■ A Uf = 0, 

(ii). Uk A Uk-\ A ■ ■ ■ A Ut A u,„ = 0. 

Proof. The first assertion immediately follows from Lemma l44] (i). We prove (ii) by induction on 
m - t. If m = t, then the assertion follows from Lemma l44] (ii). 

Let m - t > 0. From the identity (|25] ), we know that there exist bo{q), • ■ ■ , bm-tiq) such that 



Ut AUm = ^ bjiq) Um-j A U 
7=0 



t+J- 



Then, 
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Mi A ■ ■ ■ A Mf+i A Mf A = ^ bj{q) UkA-- - A Ut+i A u,„-j A Ut+j 

7=0 

Here, by the induction hypothesis, ut A ■ ■ ■ A Ut+i A u,n-j = for all < j < m - t. Therefore 
Uk A - ■ • A Ut+i AUt A U,„ = 0. □ 

The next corollary follows from the above corollary and Corollary 14.31 

Corollary 4.6. Ifk>m>t and 1 < j < £ , then 
(z). U^m A u^l^ A A ■ ■ ■ A u-^^ = 0, 
(ii). uf A A ■ ■ ■ A A u\i^ = 0. 

Definition 4.7. Let 

u = M^'^'^ A M^*"* A ■ ■ ■ A uf''^ , ka = Ca - nnia , (a = \ ,2, ■ ■ ■ , r) and 
V = Ug,' A Ug{ A ■ ■ ■ A Ug/ , gi, = Ci,- nm,^ , (b = 1,2, ■ ■ ■ ,t). 
and suppose that da + d'^^for all a e {\, ■ ■ ■ ,r} and b e {\, ■ ■ ■ ,t}. Then we define ^{u, v) as 

(28) ^{u, V) = #{(a, b)\ca = c'„ , uf^ < 4?}- 



Lemma 4.8 ( gUglOO| ). Leta&Z,t & Z>o, \ <i<t, and I < j < €. 
(/). Let xi~^ be the maximal element such that xll^ < xla ■ J^^t 



= uf A M^^i A 



A u^f^_j. Then, 



(//). Let u^f be the minimal element such that u^f > ■ J^^t . = u^Jl, A u^P,, , A 



In the abacus presentation, Ua\ M|fi_,] and u''^g\tg] look as follows 
(i) d = i d = j (ii) d = i 

® 



® 





'1 


. © 



d = j 



c = a 



A u^J\ Then, 




c = a 



where the boxed region means that all positions are occupied by beads. 

Proof. We only show (i) by induction on t.lf t = 0, then the assertion follows from the identity (|27l ). 
Let t > I. Then, from the identity (|27l ). we have 
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(29) M« A i^^ = q'^ A i/^ + J] b,„(q) A 

m=\ 

where 



a 



1 if a = k - t mod n 
1 otherwise 



(see Remark (ii) after Proposition I4.21 ). 



Put ^ = M®) and f = A A • • • A uf_^^,,uf). Then ^ = ^ + and 

= q^' u^l^ A u^l\ A • • • A M^i^^j A u^^ A (By the induction hypothesis) 

t 

+ q^'bmiq) A ■ ■ ■ A uf_,_^, A A (By m) 



/ A (By Corollary |43]) 



□ 



Definition 4.9. Le? 1 < j < £ and Abe a partition. We define 
In particular, 

0f^T = U^J^ A u'^^^ , A U^^^ . A ■ ■ • . 



Corollary 4.10. Let I < j < £, r > 0, t > 0, and put 

0[^'] = u[j^ A M^'^ , A • • • A u^/l, and u = uf^ A m^*^ A • • • A uf^ . 

For each b > \, let u''^^ be the minimal element such that w^^"* > Ifdh 4" j and sj > hh > s j - r 
for all b = 1 , 2, • • • ,t, then 

A U. 



5. Proof of THEOREiv jJ^l 



We only prove Theorem 13. 4 l in the case of e = -. The proof in the case of e = + is similar. Through 
this section we fix j (I < j < £). 
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5.1. Preliminary for the proof. Fix an sufficiently large integer r so that for every ordered wedge 
product appearing in our argument, all of the components after r-th factor are consecutive. We are 



able to truncate ^-wedge products at the first r parts. See [ |UglOO[ for detail. Then \A; s) can be 
identified with vx defined by 



(30) 



\A;s) = Vx ^ Us-r A Us- 



r-l 



A 



First, we extend the definition of "sufficiently large" on the finite q-wedge products and introduce 
some notations. 

Definition 5.1. Let Uk = u^^ AUk2 - ■ ■ /\ ordered q-wedge product and write ka = Ca + n{da - 

1) - ntniafor a = 1,2, ■■■ ,r as in (I?]). Then define Uk to be the q-wedge obtained from Ukby removing 
all factors u^^"^ with da = j- 

Lemma 5.2. Suppose that sj is sufficiently large for \A; s) and A^^(^) 0. Let vx = \A; s), = \fi; s) 
and r as above. Then, 

^(0w,v,) = ^(0[^],v;). 



Proof Let Uki A utj be a q-wedge product. Suppose that sj is sufficiently large for m^., A Ukj- Let 
A Uk' be a q-wedge product which appears in the linear expansion of the straightening of A wj-j . 
Put i = ^(0W, Uk, A Uk,), ^1 = ^(0f^l Uk,), 6 = Uk,), ^' = Uk'^ A Uk'^), ^\ = ^(0[^l Uk'^) and 
^2 = ^(0^^l Uk'J (see Definition Note that ^ = + ^2 and ^' = ^[ + Then, from the abacus 
presentation below, we obtain ^ = That is, the straightening rule preserves ^ if Sj is sufficiently 
large. 



© 



6 



d = j 



d = j 



^2 



straightening rule 



where beads are filled in the boxed region. 

If ^~x^{q) + 0, then v^^ appears in the linear expansion of the straightening of vj. Therefore, the 
above argument assures the assertion. □ 

From Lemmaj4]8l we have 



Corollary 5.3 (see |UglOO|, Lemma 5.19). If Sj is sufficiently large for an ordered q-wedge product 
Uk = Uk, f\ Uk, A • • • f\ Uk^. Then 
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Example 5.4. Let n = 2, £ = 3, s = (0,2, -2) and A = ((1, 1), 0, (3)). Then $2 is sufficiently large for 
\A; s). Take r = 1, then 

Mfc = Ms A M4 A M3 A Ml A M_2 A M_3 A M_4 A M_7 

(3) . (2) . (2) . (1) . (2) . (2) . (1) . (3) 
= Mj A M2 A Mj A Mj A Mq A M_j A M,) A M_3 

-1 (3) . (2) . (2) . (2) . (2) . (1) . (1) . (3) 
= q u\ Au^ Au\ Auy A Au\ Aw^ A u_^ 

= q-' Mf A Mf ) A m(') a m5 a uf^ A u\'^ A u'^' A u% 
= q-^ (HF A Uk- 

Lemma 5.5. Ifsj is sufficiently large for an ordered q-wedge product Uk = Uki AUk2 A ■ ■ ■ A ^h- Then, 

Proof Let ^ = ^(0^, uu) and 77 = ^(m^, %^^^). By Corollary O we have 

Uk = q~^ a Uk. 

Thus, we have 

Uk = q^ q~^~'^ Uk A 0W (Definition of bar involution ([8])) 

= ^-"^4 A0f-''] (0W=0W) 
= q-'^ q'^-^ 0t^'l A Tk (By Corollary OOl) 

= q-^ 0f-''l A ITk 

□ 

5.2. Proof of Theorem I3.4i Let n'^ be the subset of whose 7-th component is the empty Young 
diagram, i.e. 

(31) ff = {ienn/^') = 0}. 

Theorem |3.4| is a direct consequence of the next proposition. 

Proposition 5.6. Suppose that sj is sufficiently large for \A; s). Then, 

where A (resp. fi, s) is obtained by omitting the j-th component of A (resp. fi, s). 

Proof We only show the statement in for G~. The case of is treated similarly. 

Take a sufficiently large integer r. Put F = Z/ieftf '^^^ 1^' prove F = F and F = \A; s) 

mod q~^£r . 

The second statement is clear since A = jfi if and only if A = fx. We show F = F. Let ^ = ^(0^^^ v^). 
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= ^ a: .,.{q~^)q'^ 0^-''^ A il^ (By Lemma[53]& LemmaO 

= ^-^0[^U(J^A:.^^(^-)^) 



= ,-^0f^U(^A..X,).;) 



Note that G~{A; s) = Z^gnf Ar^ .(<5r) i/^ and G^(l; s) = G~{A; s). Therefore, 

F = ^-f0[^U(^A..^/^).;) 

= ^ A- ...(^) (By Corollary 123] & Lemma|521) 

= F. 



□ 



6. Proof of Theorem [33] 
Throughout this section, we fix j (1 < j < £). 

6.1. The quotient space Fg[s]<N. In this paragraph, we fix a positive integer A'^ and assume that sj 
is sufficiently small for A'^, i.e. Si - Sj > N for all i j. 

We define Fy[s]<N to be the subspace spanned by { \A; s) \ A'-'^ = , < N}. We also define a map 
n: Fg[s] — > Fq[s]<N (quotient map) by 



\A;s) if/^') = and |i| < 
otherwise 



n(\A-s}) = 

We import the bar involution on F^^[s]<n from Fg[s], that is 



(32) ni \A; s)) = ni\A; s)) , i\A; s) e F,[s]<^). 

The unitriangularity of the bar involution (fTll and Lemma U3] assure that the bar involution Fq[s]<M 
is well-defined. 

It is clear that the following two property hold from the definition of /^^[s]<w. 

Proposition 6.1. Let e e {+, -}. There is a unique basis {G^{A; s)\A etv'^ , \A\ < N] ofFq{s]<N such 
that 
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(i) G^iA;s) = G'(A;s) , 

(ii) G%A; s) = \A; s) mod / where = ® Q[/] U; «> 
and = {.I e I A^j^ = 0} . 

Definition 6.2. Le? e e {+, -}. Suppose that A^^'^ = p^'^ = 0, \A\ < N and \n\ < N. Define A^^(^) by 

Aeil fiefl 

Proposition 6.3. Let e e {+, -}. IfA^j'^ = p^j^ = 0, |A| < and \p\ < N, then 



Note that if > \A\ and > \p\, then A^^(^) is independent of the choice of A^. 

6.2. Proof of Theorem I3.5i As in §4, we only prove Theorem 13. 5 1 in the case of e = -. 

In this paragraph, we assume that Sj is sufficiently small for \A; s). Let N = \A\ and we fix a sufficient 
large integer r. 

The structure of our proof of Theorem I3.5l is similar to that of Theorem 13. 4 1 Lemma l64] and Lemma 
I6.5l play roles similar to Lemma 15^ and Corollary I5.3l respectively. 

Lemma 6.4. Let A,p ell^ such that A^^(^) 0. If Sj is sufficiently small for \A; s) and A^^^ = p'^^'' = 0, 
then 

^(0w,v,) = ^(0[^lv;). 



Proof. Let w^'^''^ A a^^^^ be a ^-wedge product such that J,- j and kj > sj for / = 1, 2. Let u^,'^ A u^,^^ 



be a ^-wedge product which appears in the linear expansion of the straightening of u^^ A M/^, . 

We put ^ = f(0M, 4^;') A 4f )), ^1 = ^(0[^], 4^;')), ^2 = ^(©^^i 4f r = ^(©^^i 4f ^ 4f ), 

^(0W, 4"'^) and = ^(0W, 4f ). Note that ^ = + 6 and f = + 
Then, from the abacus presentation below, we obtain ^ = 



= di d 
I • 


= d2 
• 


d = i 


d 


- d\ 

• 


d 


= dj 
( 

• 


d = i 


















• 


• 






• 

v 




• 





© 



straightening rule 



© 



18 K. IIJIMA 

where beads are filled in the boxed region. 

Since Sj is sufficiently small for v^, for each i + j, 

+ Si > Af -1 + Si> ■■■> A^f^ -l + Si> Sj 

where / = 1{A^^) is the length of A^'K 

If A^^(^) 0, then appears in the linear expansion of the straightening of vj. Therefore, the 
above argument assures the assertion. 

□ 

Lemma 6.5. Let A e U^. IfA'-J'' = 0, then 

See Definition 14. 71 Definition 15. h and Definition \4. 9\ for the definition of^, v\ and 0^-'^ respectively. 

Proof. The proof follows from Lemma |4~8] and Lemma |6!4| (see also Example 15 .41 ) □ 

Lemma 6.6. Let \ < j < £, m > Q and Abe a partition of length at most m. Let \ < d < £ and kbe a 
integer satisfying Ai + sj < k. If j d, then A^^^ A u^l^^ is expanded as 

where A^^"^ is defined in Definition \4.9\ 
Moreover, ifb^{q) 0, then fii + sj < k. 

Proof. Applying the identity (1271) repeatedly, we expand A^-'^ A uf^ as a linear combination of M^f^ A/i^^^ 
such that k' < k. 

□ 

Corollary 6.7. Let \ < j < £, m > Q, t > Q, 

0[^'l = M<f A A ■ ■ ■ a i/^l^ and u = mJJ') A uff A • • • A uf;^ . 

Ifdb ^ j for all b = 1, 2, • • • ,t and Sj - r < gi < g2 < • ■ • < gt, then 0^^^ A u can be written in the 
form 

0W A U = u A 0W + VM) A 

where v^{q) is a linear combination ofq-wedge products. 
Proof. Apply Lemma repeatedly. 

□ 

In the proof of Theorem 13. 5 [ the next two lemmas (Lemma |6^ and Lemma |6^ play roles similar 
to Corollary 14 . 1 1 and Lemma 1531 in the proof of Theorem 13.41 

Lemma 6.8. Let A e U^. IfA^^'' = 0, then 
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Proof. Let ^ = ^(0f^l v^), 77 = ^(v^, 0[^]) and 

V. = A A ... A 4f ). 
From the definition of the bar involution (|8]), 

= ^-'^('^^i/*/') A uf-p A ■ ■ ■ A M^,'''^ 

where (-qY^^^ and (^""'^''^ are suitable constants (see ([8])). Then, from Corollary 16.71 

0M A = (-^)'^('') ^"'^('^^ 0[^'] A a A ■ ■ ■ A M^/'^ 

o ? o ?~ 1 o 1 

= i-qf ^ q''^'^ 4^'^ ufP A uf-l" A ... A ^ A + v^(^) A ix^^ 
= ^''-^^A0[^U_^V^(^)A//[^], 

where v^iiq) is a linear combination of ^- wedge products. 

Finally, we shall prove n{yy(,q) A /if^^) = if 0. To do it, it is enough to prove the next claim. 

Claim . Let ixi^% and v e such that v^^^ = 0. Then, 

n(UyAiu^j^) = 0. 

(Proof of Claim ) 

Define e as v'J^ = fx and vj]^ = v^'^ (z j). From the straightening rule ( (|25t or (ETTi), any 
Ip; s) appearing in the linear expansion of the straightening of Uy A //^^^ is less than or equal to |v^; s). 
Thus, from Lemma l33l the 7-th component is not empty. □ 

Lemma 6.9. Let A g n^. //i^^'^ = 0, 

;r(vl) = <^-«^'^-'»'^')7r(^A0[^']). 

Proof. The proof of this proposition is similarly argued to the proof of Lemma [531 
Let ^ = ^(0f^], Ug) and 77 = ^{Ug, 0^). Then, 

^ = q-^ vx A 0[^] 
= /^-f-''0W 
= 0t^'^ A Jx- 

Thus, from Lemma |6^ 

□ 

Now Theorem |331 is an immediate consequence of the next proposition and Proposition [O] 
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Proposition 6.10. Let /I 6 n . Suppose that Sj is sufficiently small for \A; s). Then, 

G\A- s) = Yj ^I/i;/^) ^(1 ' ^-{A- = ^X',;M'^ ^(I a^; ' 

/len'" //en' 

where A ( resp. ji, s) is obtained by omitting the j-th component of A ( resp. fi, s). 
In particular, 



Proof. The proof of this proposition is similarly to that of Proposition [5^ 

We only show the statement in the case of G . The case of is treated similarly. 

Take a sufficiently large r. Put F = Yj^eff '^^ - -(<?) ^(1/^; *))• We prove F = F and F = \A; s) mod 

The second statement is clear since A = jx if and only if A = fi. We show F = F. Let ^ = ^(v^, 0^^^). 

/(en' 

= ^ A'^^ ,(q~^)n(u^ (By the definition of bar involution for Fq[s]<N ) 

/len' 

= A:^,.{q-^)q-^ Tx(a^ A 0f^'l) (By Lemma[6j& Lemma[631) 

/(en' 

//eftf 



q ^ n 



q ^ n 



\ //en' 



Note that G {A; s) = Z^gflf A.^_(q) u^ and G (A; s) = G {A; s). Therefore, 

= ^ '^^^.j('?)^(^//) (By Corollary |63]& Lemma IM) 

/(eflf 

= F. 



□ 
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